A vertex-irregular total k-labelling λ : V (G) ∪ E(G) −→ {1, 2, ..., k} of a graph G is a labelling of vertices and edges of G in such a way that for any different vertices x and y, their weights wt(x) and wt(y) are distinct. The weight wt(x) of a vertex x is the sum of the label of x and the labels of all edges incident with x. The minimum k for which a graph G has a vertex-irregular total k-labelling is called the total vertex irregularity strength of G, denoted by tvs(G). In this paper, we determine the total vertex irregularity strength of trees.
Introduction
In [6] , Chartrand et al. introduced the notion of an edge-irregular labelling. For a graph G, the weight of a vertex x under an edge labelling λ : E(G) → {1, 2, ..., k} is wt(x) = xy∈E(G) λ(xy).
The edge labelling λ : E(G) → {1, 2, ..., k} is called an edge-irregular klabelling of G if every two distinct vertices x and y in V (G) satisfy wt(x) = wt(y).
The irregularity strength of the graph G, denoted by s(G), is the minimum positive integer k for which graph G has an edge-irregular k-labelling.
Some results of the irregularity strength of some graphs can be seen in [1] , [5] , [10] , and a survey paper [7] and the web page [9] . For example, Amar and Togni proved the following result.
Theorem A. [1] Let T be a tree having t pendant vertices and no vertices of degree 2. Then s(T ) = t.
Motivated by total labellings mentioned in a survey paper of Gallian [7] and a book of Wallis [14] , Bača et al. [4] started to investigate edge-irregular and vertex-irregular total labellings of graphs. For a graph G with vertex set V (G) and edge set E(G), any labelling λ : V (G) ∪ E(G) → {1, 2, ..., k} is called a total k-labelling. The weight of an edge e = xy under a total k-labelling λ is wt(e) = λ(x) + λ(e) + λ(y).
A total k-labelling λ : V (G) ∪ E(G) → {1, 2, ..., k} is called an edge-irregular total k-labelling of G if every two distinct edges e and f satisfy wt(e) = wt(f ). The total edge irregularity strength of the graph G, denoted by tes(G), is the smallest positive integer k for which G has an edge-irregular total k-labelling.
The notion of a total edge irregularity strength was introduced by Bača et al. [4] . Some results have been obtained for several classes of graphs. For instances, Bača et al. [4] have determined the total edge irregularity strength of paths, cycles, stars, wheels, and friendship graphs. Recently, Nurdin et al. [12] determined the total edge irregularity strength of the corona product of paths with some graphs. In [11] , we determined the total edge irregularity strength of a disjoint union of t copies of K 2,n . Besides that, Bača et al. [3] improved lower and upper bounds for the total edge irregularity strength for trees. Furthermore, Ivančo and Jendrol [8] completely determined the exact value of the total edge irregularity strength for trees.
In [4] , Bača et al. also defined a total vertex irregularity strength of a graph G. In this case, for a graph G(V, E), the weight of a vertex x under a total k-labelling λ is
A total k-labelling λ :
.., k} is called a vertexirregular total k-labelling of G if every two distinct vertices x and y satisfy wt(x) = wt(y). The total vertex irregularity strength of the graph G, denoted by tvs(G), is the minimum positive integer k for which G has a vertex-irregular total k-labelling.
There are not many graphs of which their total vertex irregularity strength are known. Bača et al. [4] have determined the total vertex irregularity strength for some classes of graphs, namely cycles, stars, and prisms. Besides that, Wijaya et al. [15] have determined the total vertex irregularity strength for complete bipartite graphs.
Bača et al. [4] derived lower and upper bounds of the total vertex irregularity strength of any tree T with no vertices of degree 2 as described in Theorem B.
Theorem B.[4]
Let T be a tree with t pendant vertices and no vertex of degree 2. Then
Recently, Nurdin et al. [13] determined the total vertex irregularity strength for several types of trees containing vertices of degree 2, namely a subdivision of a star and a subdivision of a particular caterpillar. They also derived the total vertex irregularity strength for a complete k-ary tree.
In this paper, we investigate the total vertex irregularity strength for trees.
As results, we improve the lower bound in Theorem B. In particular, we characterize all trees with maximum degree 3 having the total vertex irregularity strength equal to the lower bound of Theorem B. We also determine the total vertex irregularity strength of any tree without vertices of degree 2 and 3. Last, we give two examples of trees with their total vertex irregularity strength higher than the lower bound in Theorem B.
Basic Properties of Trees
The following basic lemmas will be useful to prove our results.
Lemma 1 [4]
Let T be a tree on p vertices, q edges, and let n i be the number of vertices of degree i. Then
Proof. Using well known facts that p =
in i , and p = q + 1
we immediately obtain (1). Now, consider any tree with maximum degree 3. Let n i be the number of
By using Lemma 1, we can have t 1 = 18+6n 3 
12
, t 2 = 12+4n 2 +4n 3 12 , and t 3 = 9+3n 2 +6n 3 12
.
Lemma 2 Let n 3 be an odd integer. Then t 1 = max{t 1 , t 2 , t 3 } if and only if n 3 ≥ 2n 2 − 3, and 0 ≤ n 2 ≤ 3.
Proof. If t 1 = max{t 1 , t 2 , t 3 } then t 1 ≥ t 2 and t 1 ≥ t 3 . Since n 3 is odd then t 1 = (18+6n 3 )/12. Next, t 1 ≥ t 2 is equivalent with 18+6n 3 ≥ 12+4n 2 +4n 3 . Therefore, we obtain n 3 ≥ 2n 2 − 3. Similarly, t 1 ≥ t 3 is equivalent with 18 + 6n 3 ≥ 9 + 3n 2 + 6n 3 . This yields n 2 ≤ 3.
By a similar argument and noting that if n 3 is even, then t 1 = (24 + 6n 3 )/12, we obtain the following lemma.
Lemma 3 Let n 3 be an even integer. Then t 1 = max{t 1 , t 2 , t 3 } if and only if n 3 ≥ 2n 2 − 6 and 0 ≤ n 2 ≤ 5.
Next, two lemmas can be proved similarly.
Lemma 4 Let n 3 be an odd integer. Then, t 3 > t 1 and t 3 > t 2 if and only if n 2 > 0 and n 2 < 2n 3 + 6.
Lemma 5 Let n 3 be an even integer. Then, t 3 > t 1 and t 3 > t 2 if and only if n 2 > 2 and n 2 < 2n 3 + 6.
Main Results
Let T be any tree having n i vertices of degree i, (i = 1, 2, · · · , ∆), where ∆ = ∆(T ) is the maximum degree in T .
Let t = max{
, · · · ,
}.
Assume that t =
for some r. In any vertex-irregular total klabeling on T the smallest weight among all the vertices of degrees 1, 2, · · · and r is at least 2, and the largest weight of them is at least 1+n 1 +n 2 +· · ·+n r . The value of k will be minimum if the largest weight is on the vertex of degree r, since the weight is shared by r edges and one vertex. Therefore, the minimum value of k is at least t. Thus, we have the following theorem.
Theorem 1 Let T be any tree having n i vertices of degree i, (i = 1, 2, · · · , ∆), where ∆ = ∆(T ) is the maximum degree in T . Then tvs(T ) ≥ max{
Note that Theorem 1 improves the lower bound in Theorem B above. Furthermore, if we only consider all trees with the maximum degree 3 then we can evaluate the precise value of their total vertex irregularity strength as follows.
Theorem 2 Let T be any tree with maximum degree 3. Let n i be the number of vertices of degree i in T , where i = 1, 2 and 3.
i. For odd n 3 : tvs(T ) = t 1 if and only if n 3 ≥ 2n 2 − 3 and n 2 ≤ 3.
ii. For even n 3 : tvs(T ) = t 1 if and only if n 3 ≥ 2n 2 − 6 and n 2 ≤ 5.
Proof. By using Lemma 2 and Theorem 1, we have tvs(T ) ≥ t 1 if and only if n 3 ≥ 2n 2 − 3, n 3 is odd and 0 ≤ n 2 ≤ 3. Similarly, Lemma 3 and Theorem 1 yield that tvs(T ) ≥ t 1 if and only if n 3 ≥ 2n 2 −6, n 3 is even, and 0 ≤ n 2 ≤ 5.
Next, we show that tvs(T ) ≤ t 1 . Let
and λ 1 (e) = t 1 for all e ∈ E\E * .
For each vertex y ∈ V \V * , define
Write V \V * := {y 1 , y 2 , y 3 , · · · , y N }, where N = n 2 + n 3 such that ω(y 1 ) ≤ ω(y 2 ) ≤ ω(y 3 ) ≤ · · · ≤ ω(y N ). Recursively, define the labelling λ 1 on V \V * and the weight of all vertices in V \V * as follows:
and for 2 ≤ i ≤ N λ 1 (y i ) = max {1, wt(y i−1 ) + 1 − ω(y i )} and wt(y i ) = ω(y i ) + λ 1 (y i ).
We conclude that λ 1 is a labelling from V (T ) ∪ E(T ) into {1, 2, · · · , t 1 }, the weights of pendant vertices constitute the set {2, 3, 4, · · · , n 1 + 1}, and the weights of all remaining vertices form sequences n 1 + 2 = wt(y 1 ) < wt(y 2 ) < · · · < wt(y N ). Therefore, tvs(T ) ≤ t 1 .
By letting n 2 = 0 in Theorem 2, we have a special tree with the total vertex irregularity strength equal to t 1 as follows.
Corollary 1 Let T be a tree with vertices of degree 1 and 3 only. Then, tvs(T ) = (n 1 + 1)/2 , where n 1 is the number of vertices of degree 1.
Theorem 3 Let T be a tree with n 1 pendant vertices and no vertex of degree 2. Then
Proof. Let T be a tree on n vertices and have n 1 pendant vertices. With respect to Theorem 1 we have that tvs(T ) ≥ t 1 , where t 1 = (n 1 + 1)/2 .
Next, we show that tvs(T ) ≤ t 1 . Let V * := {v 1 , v 2 , · · · , v n 1 } be the set of all pendant vertices in T and E * := {e i |e i is the edge incident to v i , 1 ≤ i ≤ n 1 }. Define a labelling λ 2 from V * ∪ E into a set of positive integers such that
Write V \V * := {y 1 , y 2 , y 3 , · · · , y n−n 1 }, such that ω(y 1 ) ≤ ω(y 2 ) ≤ ω(y 3 ) ≤ · · · ≤ ω(y n−n 1 ). Recursively, define the labelling λ 2 on V \V * and the weight of all vertices in V \V * as follows:
and for 2 ≤ i ≤ n − n 1 λ 2 (y i ) = max {1, wt(y i−1 ) + 1 − ω(y i )} and wt(y i ) = ω(y i ) + λ 2 (y i ).
We conclude that the weights of pendant vertices constitute the set {2, 3, 4, · · · , n 1 + 1} and the weights of all remaining vertices form a strictly increasing sequence, namely n 1 + 2 = wt(y 1 ), wt(y 2 ), wt(y 3 ), · · · , wt(y n−n 1 ).
Since t 1 = (n 1 + 1)/2 , then n 1 + 1leq2t 1 . By using Lemma 1, we can have
for i ≥ 4. Therefore, n i ≤ t 1 for i ≥ 4 and so, λ 2 (x) ≤ t 1 for all vertices x ∈ V \V * . This concludes that λ 2 is a labelling from V ∪ E into {1, 2, · · · , t 1 }. Therefore, tvs(T ) ≤ t 1 .
In [13] it is shown that for certain trees T , tvs(T ) = t 2 , namely a subdivision of a star or a subdivision of a special caterpillar. In the following theorem, we show that tvs(P n ) = t 2 , where P n is a path (a tree with n 1 = 2 and n 2 = n − 2).
Theorem 4 Let P n be a path on n vertices. Then
Proof. According to Theorem 1 we have that tvs(P n ) ≥ t 2 , where t 2 = (n+ 1)/3 . Next, we show that tvs(P n ) ≤ t 2 . Let P n be a path v 1 e 1 v 2 e 2 v 3 e 3 · · · v n−1 e n−1 v n , n ≥ 4. We construct a vertex-irregular total labelling λ 3 of the path as follows:
For each y ∈ V (P n ), define
Recursively, define the labelling λ 3 on V (P n ) and the weight of all vertices in V (P n ) as follows:
and for 2 ≤ i ≤ n λ 3 (y i ) = max {1, wt(y i−1 ) + 1 − ω(y i )} and wt(y i ) = ω(y i ) + λ 3 (y i ).
We conclude that λ 3 is a labelling from V (T ) ∪ E(T ) into {1, 2, · · · , (n + 1)/3 } and the weights of all vertices form a strictly increasing sequence: 2 = wt(y 1 ), wt(y 2 ), wt(y 3 ), · · · , wt(y n ). Therefore, tvs(P n ) ≤ (n+1) 3
which completes the proof.
We will present some classes of trees with the total irregularity strength equal to t 3 = (1+n 1 +n 2 +n 3 )/4 . In order to do that, define a graph G m (m ≥ 1) as a tree with the vertex set and the edge set as follows:
By Figure 1 gives an example of a tree G 3 . . Next, we shall show that tvs(G m ) ≤ t. We construct a total labelling λ 4 of the G m as follows:
Recursively, define the labelling λ 4 and the weight of all vertices in V as follows:
and for 2 ≤ i ≤ 4m + 4 λ 4 (y i ) = max {1, wt(y i−1 ) + 1 − ω(y i )} and wt(y i ) = ω(y i ) + λ 4 (y i ).
We conclude that λ 4 is a labelling V (G m ) ∪ E(G m ) into {1, 2, · · · , t} and the weights of all vertices form a strictly increasing sequence, namely 2 = wt(y 1 ), wt(y 2 ), wt(y 3 ), · · · , wt(y 4m+4 ). Therefore, tvs(G m ) ≤ t which completes the proof.
To conclude this paper, let us present the following conjecture.
Conjecture 1 Let T be a tree with maximum degree ∆. Let n i be the number of vertices of degree i ≤ ∆ in T . Then
Theorem 1 can be generalized for any graph as follows. Let G be a connected graph with minimum degree δ and maximum degree ∆. Let n i be the number of vertices of degree i in G, where i = δ, δ + 1, · · · , ∆.
for some r. Similarly, in any vertexirregular total k-labeling on G the smallest weight among all the vertices of degrees δ, δ + 1, δ + 2, · · · and r is at least δ + 1, and the largest weight of them is at least δ + n δ + n δ+1 + · · · + n r . The value of k will be minimum if the largest weight is on the vertex of degree r. Therefore, the minimum value of k is at least t. Thus, we obtain the following theorem. Let us note that Anholcer et al. in [2] improve all known upper bounds of total vertex irregularity strength and prove that for G is a graph of order n and with minimum degree δ > 0, then tvs(G) ≤ 3 n δ + 1. Furthermore, we pose the following conjecture.
Conjecture 2 Let G be a connected graph having n i vertices of degree i, (i = δ, δ+1, δ+2, · · · , ∆), where δ and ∆ are the minimum and the maximum degree of G, respectively. Then, 
